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1. On the Equilibrium of Rotating Liquid Cylinders.

By J. H. Jeaxs, B.A., Isaac Newton Student and Fellow of Trinity College, -
Ceambridge.

Communicated by Professor G. . DarwiN, F'.R.S.

Received March 6,—Read March 20, 1902.

INTRODUCTION.

§ 1. As a preliminary to attacking the problem or determining the equilibrium
oonﬁguré,tions of a rotating mass of liquid, I was led to consider whether some
method could not be devised for calculating the potential of a homogeneous mass
~in a manner more simple than that usually adopted. What was obviously required
was a calculus enabling us to write down the potential of such a mass by an
algebraical transformation of the equation of its boundary, instead of by an
integration extending throughout its volume. ‘

There was found to be no difficulty in reducing the calculation to a problem of
algebraical transformation, but in three-dimensional problems the transformations
required were, in general, as impracticable as the integrations which they were
intended to replace. This was because the transformations depended upon a
continued application of the formula which expresses the products or powers of
spherical harmonics as the sum of a series of harmonics.

As soon, however, as we pass to the consideration of two-dimensional problems,
the spherical harmonics may be replaced by circular functions of a single variable.
The transformation now becomes manageable, and for this reason the present paper
deals only with two-dimensional problems.

The first part of the paper contains a short sketch of a theory of two-dimensional
potentials. I have, however, confined myself strictly to such problems as are
required for the solution of the main problem under discussion, namely, that of the
rotating liquid ; the method does not attempt to be one of general applicability.

Tar PorexrtiaLs or HoMocENEOUS CYLINDERS.
General Theory.

§ 2. We shall suppose the cross-section of the cylinder of which the potential is
required, to be bounded by a single continuous curve S enclosing the origin. Let
(322.) K 2 25.11.02
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68 ME. J. H. JEANS ON THE EQUILIBRIUM

4+

V be the potential of this cylinder, supposed to be composed of homogeneous
matter of density p.

The value of V must be finite and continuous at all points except infinity, and
its first differential coefficients must also be finite and continuous at all points.
Also V must satisfy V2V =0 at all points outside S, and V? V = — 47p at all
points inside 8. At infinity V must vanish, except for a term proportional to log 7.
" These conditions suffice to determine V uniquely. For if there were two distinet
solutions V and V', the function (V — V') would satisty V?*(V — V') =0 at all
poiuts of space, would be finite and continuous, together with its first differential
coefficients, at all points of space, and would vanish at infinity, except for a term
proportional to log 7. The only solution satisfying these conditions is known to be
V — V' = 0, hence any function V satisfying the conditions laid down above must
be the potential of which we are in search.

§ 8. Let us use polar co-ordinates =, # in conjunction with orthogonal co-ordinates
w, y, and let us also introduce complex variables &, v, defined by
0

= e = + 0 = re” = o —1y.
Y, Ui Y

Let us suppose the equation to the curve S to be written in the form

SEp)=0. . . . . . . . . (),
and let us imagine that this equation is solved explicitly for & in the form
E=F@) . . . . o . 00 (2).

In general F(x) will be a multiple-valued function of %, and the equation (1)
may, and probably will, be satisfied for other values of ¢ and 5 than those which
occur on the surface S.

Let us, however, suppose that we have succeeded in finding one value of F ()
such that this value is a single-valued fuuction of % at every point of 8, and is
equal to & Let us suppose that we have succeeded in expanding this value of I (n)
in a series of ascending and descending powers of ». these series each being supposed
convergent at every point of S. Let us write

Pa)= bl +v@) - o ()
b(n)=ay+amtan+ . . . (4) ‘P(”’?):g"{“s;’{' S ()2

We shall consider only the case in which the surface S has the plane # = 0 as a
plane of symmetry. In this case the equation f(£, n) = 0 remains the equation to
the curve after the sign of # is changed, and we therefore have as a second form

S =0 . . . .. ... (6)

There is therefore a solution of this equation expressing » explicitly as a function
of & in the form

of this equation,

n=F@=¢@+0E) - . . . ... ()
where F, ¢, s are defined by equations 3, 4 and 5.
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OF ROTATING LIQUID CYLINDERS. 69

Since we have supposed equation (2) to represent the complete solution of
equation (1), the equation
n=F(& . . . . . . . . . . . (8)

must necessarily represent the complete solution of equation (6), if the meaning
of F remains unaltered. Let us suppose that tlie values of the multiple-valued
function F (&) (or, what is the same thing, F (x + ty)) are exhibited on the appro- -
priate RIEMANN'S surface. The locus of points at which this function is equal to
@ — 1y (also a definite and unique function of position upon this RiEMANN’s surface)
will be the complete system of points satisfying equation (6), and will therefore
include the curve S. This curve will not, however, be drawn upon a plane, but
upon a RIEMANN'S surface.

Now so long as the curve S does not possess a cusp or branch point we have at
every point of S, '

s

| @®)| _[d (e = i)

| dE L (o - iy)

and hence it follows that no branch point of the RieMaNN’s surface can lie on the

curve S. Let the curve S be a single closed curve surrounding the origin, and it
follows that we can always so arrange the RIEMANN'S surface that no branch line
shall intersect the curve S. In this case it is possible for a solution of the form of
equation (6) to satisfy at every point of the curve S, the curve now being regarded
as a closed curve lying on one sheet of a Riumany’s surface. By simply interchanging
the axes of ¥ and -~ y we can imagine the function F (3) represented on the same
RremMaNN's surface, and we see that at every point on the old curve S we shall have
E=F@m) =) +dn). |

We have therefore proved that if a particular solution of the form of equation (3)
can be found to represent the curve S, then solution (7) will represent the same
curve. We have also seen that if a family of curves is described by continuous
deformation starting from some curve S, the general solution can be arrived at by
continuous variation starting from the solution for the curve S, so long as no
member of the family possesses a cusp or branch point. For our present purpose
it is sufficient to have proved that if we have, at every point of the surface S,

E=¢m+et) - . . o (9),
then we have also, at every point,

=¢E+VE (0

Let us now introduce a new function x defined by

¢ ® 7 »
x=CoH [ b ae—[ @ e+ s wmd—e . ()
where C is a constant.
We have by differentiation,

NoE= (&) + (&) —n . . (12), Nom=¢mM+ym—¢ . . (13)
and therefore at the surface S, by equations (9) and (10), 0y/0& = dy/oy = 0.
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70 MR. J. H. JEANS ON THE EQUILIBRIUM

It follows that yx has a constant value at the surface S, and this, by a suitable
choice of the constant C, may be taken to be zero. Also it follows that oy/on = 0
at all points on the surface S, where d/0n denotes differentiation with respect to the
normal. We therefore have at every point of the surface S

x=0 . . . . . . ... (14, Coxfon=10 . . . . . . . (1d)

§ 4. Let us denote the potential at a point inside the surface S by V;, and that at
a point outside S by V. Let us examine, as a trial solution for V,
. § gl
Vi=mp{CH [s@dt+ [ sman—g}. . ... ()

VO:WPH

Since n = re™", the greatest value of |y| at any point on S is equal to the greatest

V@ aE+ [} )

§

radius, say R, which can be drawn from the origin to S. Since the series ¢ (n) is,
by hypothesis, convergent for all points on the boundary, it follows that the radius ot
convergence of the power series ¢ (n) must be greater than Ry, and hence that ¢ () is

convergent at all points inside the surfaceS. Hence also rl ¢ (n) dn must be convergent
20

at all points inside S.  The same is obviously true if ¢ is written instead of ».  Hence
it follows that if V; is defined by equation (16), then V; and its first differential
coefficients will be finite and continuous at all points inside S.

In a precisely similar manner it can be shown that if 'V, is defined by equation (17),
then V, will be finite and continuous at all points outside S except at infinity, and
that the first differential coefficients of V, will be finite at all points outside S.

From what has been said it follows that V, and V; are finite at the boundary.
The value of V; — V, at the boundary is mpy, and this vanishes by equation (14).
Hence V is finite and continuous at all points of space (except infinity). -

Since the series ¢ (n) and ¢ (y) have been supposed to be convergent on the
boundary, it follows that the first differential coefficients of V must be convergent on
the boundary, and hence that these differential coeflicients are finite at all points ot
space. At the boundary,

oV,/on - oV, /on = mp dy/on = 0,

by equation (15). Hence it follows that the first differential coeflicients of V are
finite and continuwous at all points of space. '
At a point inside S,
. . 2 & . ] ;
VV = ViV = dmp {C.-}—L)d)(g) dé + qu () dp — gn} = — dup,
{
and similarly at a point outside S,

.

VIV = VOV, = 477_/0}};2# “:\p (€) dé ~+ ‘:\l’ (n) d‘r)} = 0.
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OF ROTATING LIQUID CYLINDERS. 71

Lastly, by actual integration, we find as the value of V from equation (17),

V, = mp {_ b (log £ + logy) + b, (2 + 71;) + 10, <~; + ;1> 4. } (18).

The term — b, (log &€ 4 log ) may be replaced by — 2b, log »; hence V vanishes at
infinity, except for a term proportional to log 7.

We have now seen that V satisfies all the conditions which must be satisfied by a
potential ; hence the potential will be given by equations (16) and (17).

§ 5. Calculated by direct integration, the value of V|, is

Vy == p | log Revdrap,

where the integration extends throughout the cross-section of the cylinder, and R is
the distance of the point #, # at which the potential is being evaluated, from the
point »/, ¢ of the cylinder. We have

R¥ =192 4 9% — 207/ cos (0 — 0') = (r — 27e/@D) (1 — 277 ="),

Now if | »| > |+ |, we have »

, e ' 20 i\ 2
=i (00 — —_— —_— N e e 1 /y —
log (r —17¢ ) =logr + log <1 /,”.L}Eé') = log Py ) \Wie‘>

and hence
//.’az'ﬂ’ ,,.'(}— 0\

log R? = 2 log » — <—7~‘éi9—' o) T
Upon integration we obtain o

/
Vo= —p {2 log » ” 1 di’ df — {é

The cylinder being symmetrical about the plane § = 0, we have

H 72 dy’ df - A}]‘H’ fl"’%““"(!?"’flﬂ’) —. } (19).

H 12 di’ A9 = H e di’ df = ” 172 cos ¢ dr’ d@,
and hence equation (19) becomes
Vo= = p(log & + log ) [[dr'dt + (—2—

Let the area of the cross-section be A, and its centre of gravity be at z = a,
so that R v

+ %) [ cosoario+... (20,

A= H v di’ dff Ao = H 7? cos 0 di’ db ;
then equation (15) becomes ]
1 1°
Vo= — pA(log & + log ) + pAu (7 + ) + .. ..

Comparing this with equation (18), we find that

A=ab . . . . . . . . (21), Ao=mby . . . . . . . . (22)
These last two equations enable us to find, by a process of algebraical transfor-

mation, the cross-section and the centre of gravity of the cylinder whose boundary is
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72 MR. J. H. JEANS ON THE EQUILIBRIUM

giifen by equation (1). I have made no attempt to discuss these results from the
point of view of pure mathematics; we therefore pass at cnce to some simple
illustrations of our theory.

Curcular Cylinder.

§ 6. Let us attempt to find the potential, cross-section, and centre of gravity of the
oylinder, of which the cross-section is the circle

(x =P+ =0 . . . . . . . . . (23),
or, in polar co-ordinates,
P=at 4 2ercos 0 — L0 000 (24)
The &, n equation to this curve is
n=a>Ffc(E+n)—< . 0 o . . oL L (25),

or, solving explicitly for £,
&= ¢ */(n — ¢).
Now the minimum value of || which can cccur on the eurve is @ — ¢, and this is
greater than ¢ if @ > 2¢.  In this case we have

and therefore the solution for & is
o?

a? c o \ a?
g:c+-—(1~+—-+~é~+...):c+ e i S
% n 7 / % 7

\

We accordingly have

Vi=ap[CH+c(é+n)—&] . . . . . . . (26)

)
. 5 5 i1 17 20 /1 1 Dlvd
V_Q::?TP*{-—C@“ lnggn—i-cwf\i{—{«—f;—i SR '\E——}——;/'-}—} . (27).

//

A = 7w Aa = wca®
If we determine C from the condition that V, and V, shall become cqual at the

0 o
boundary, we have the known values {or V,, V.. The cquations for A and « reduce

5 0
to A = wa?, a = ¢, and these, again, are obviously in agreement with the
known results.

Liliptic Cylinder.
§ 7. Let us next find the potential of the elliptic cylinder
ax? + oy =1. . . . . . . . . . (28
The £, » equation to the surface is 7
(a0 —b) (349 + 2(a -} D) éy = 4,
or, solving explicitly for &,

‘=§L{mm+@@+¢ﬁwﬁjw:m}..wamy

a — 0
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At points on the boundary the minimum value of 4ab |9?|is 4a; hence, provided
a® > (a — b)%, a convergent expansion for £ is

- 1 @ —h (¢ — VY

é froeet _..__ {-—- ((’L + Z)) ] + 2\/((6b) n (1, 'J‘- %;57;“’ — 3; ““';‘i;ff — >}
_Va—= b 1 1 a——b_ :
T e+ -+ v (abyn by T o (30).

From this expansion we obtain at once
o _ 2
Vi= \/0 T \/b (v/ax® + /bty

™
A o] \/_(;t[)) 3 o=10 . . . . . . . ‘ « . (3])‘

We can obtain V, in series at once; if we require its value in finite terms we may
proceed as follows :-—-
From equation (30),

=7 1 a—0

Voo | (g = F iy + o

= 7p .{: l:—1~— {—- (a4 b))y + y/4abn® + 4 (&’1;“[3)} +- 2/ f’—\ﬁ) 77] dn

> dn + same function of §,

e

[

-+ same function of &

= {— V(ab) 4 3 o v/ 4ab® 44 (o — )

a—0b

i

+ \/‘( ()) log (24/(ab) n + v/ 4aby® 4- 4 (@ — b)}

4 same function of ¢. . . (32).

The results obtained agree with the known results if ,/a and /b are taken of the
same sign. There is a second solution, obtained by changing the sign of one of these
roots, and this corresponds to a mathematical ellipse of which one axis is negative.
The full significance of this will appear later.

Ezpansion in Powers of a Parameter.

§ 8. When the equation to the surface is of a degree higher than the second, it will
not, in general, be possible to obtain a solution in finite terms of the form of equation (29).
Suppose, however, that the surface forms one of a family of surfaces, the family being
described by the variation of a paraineter ¢, and let this family be chosen so that the
surface ¢ = 0 is one for which the complete solution is known. Then as we know
the value of ¢ when ¢ = 0, we shall assume that it will be possible to find the general

value of & in a series of ascending powers of ¢, and the equations determining the
various coefficients of ¢ will have a unique solution.
VOL. CC.—A. T
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74 MR. J. H. JEANS ON THE EQUILIBRIUM

The solution for ¢ will be a function of % and ¢. The maximum values for |n| and

will therefore be functions of ¢, and will be expressible as series of ascending powers

of ¢. Substituting these values respectively in ¢ (n) and ¢ (), we obtain two series
in ascending powers of ¢. Let the radii of convergence of these two series be ¢; and ¢,
respectively. Then ¢ () is convergent inside and over the boundary provided ¢ < ¢,
and ¥ (n) is convergent outside and over the boundary provided ¢ < ¢, The solution
for £ found by expansion in powers of ¢ will satisfy the conditions which it is assumed
to satisfy in §3 so long as ¢ is less than the smaller of the two quantities ¢; and c,.

§ 9. Let us suppose our solution in powers of ¢ to have been obtained. The values
of V; and V, can be regarded as power series of the variables & or », and as such will
have circles of convergence in space, having the origin as centre. Let V; be
convergent inside a circle of radius R,, and V, outside a circle of radius R,. When
¢ =0, R, <R,; the circle R, being wholly inside, and the circle R, being wholly
outside the surface S. When ¢ reaches the value ¢,, the circle R, touches the surface
S; and for values of ¢ greater than c¢,, the circle R, either intersects, or lies outside,
the surface S.

Suppose that ¢, < ¢, : then for values of ¢ such that

v Co < ¢ < 6
the circle R, lies wholly outside S, while the circle R, does not lie wholly inside S.
Thus if V; and V, are defined by the same power series which have been found for
them for values of ¢ less than ¢y, V; will be convergent at all points inside S, but V
will not be convergent at all points outside S. 'We have now to inquire whether it
is possible for V; to give the true value of the internal potential, even when the series
found for V,, fails to represent the external potential.

Let the equation to the surface be written in the form

FlEm =0 . . . . . . . . . . (3%),

and let the solution be written in the form

E=d(n ) Fd(me). .« . . . . . . . (34).

We shall only consider the case in which ¢ < ¢, so that our former function ¢ (») is,
by hypothesis, convergent at the boundary and at all points inside it. We take
¢ (7, ¢) to mean the same thing as our former ¢ (5), and suppose s (1, c) defined by
equation (34). Now the value of ¢ cannot become infinite at any point on the
boundary, since we suppose the bounding surface not to extend to infinity for any
value of ¢. Hence it follows that our function ¢ (9, ¢) will be finite at all points of
the boundary so long as ¢ < ¢;.  Moreover, in the region in which our former y (9) is
convergent (i.e., in the region 7 > Ry), ¢ (9, ¢) must become identical with ¥ (5), and
will therefore be finite. The function '

% (1, ¢) + ¥ (& o)

will therefore be finite at the surface S, and will vanish at infinity to an order at
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least equal to 1/r. This function is real at every point of space, and is a solution of
LaPracE's equation. Hence the function is finite at every point of space.

It is therefore clear that if, in equations (16) and (17), we replace ¢ (1), ¥ (y) by
¢ (7, ¢), ¥ (n, ¢), and make the corresponding changes in ¢ (§), ¢ (£), we shall have a
solution which satisfies all the conditions of the problem, subject to the single
condition that ¢ is less than ¢. At infinity ¥ (n, ¢) will be capable of expansion in
the form of equation (5), '

¥ (n, ) =0/ + by/n* + bs/n°+ . . .,
and we now sec that equations (21) and (22) can be obtained in the same manner as
before. v

It is therefore clear that the values obtained for V; A, and a will be the true
values, even if they have been obtained by the use of divergent series, provided only
that the series for V; remains convergent up to the boundary. ‘

In the case in which ¢, < ¢,, a similar proposition is true for values of ¢ such that
¢ < ¢ <y

§ 10. We now consider the case in which ¢ is greater than either ¢, or ¢, Let the
values of V; and V, which have been found for values of ¢ less than either ¢, or ¢, be
extended, by a process of ¢ continuation,” to points outside their circles of convergence,
and let the values so obtained define the functions V; and V. These functions will
have certain infinities, the position of these infinities depending upon the value of c.
When ¢ = 0, all the infinities of V; lie outside S ; all the infinities of V lie inside S.
Let us suppose that up to some value of ¢, say ¢ = ¢;, no infinity crosses S, but that
(if possible) at ¢ = ¢, one of these infinities is found on the boundary. The values of
V;and V, are functions of ¢, and V; — V satisfies the requisite algebraical equations
from ¢ = 0 until ¢ is equal to the smaller of the values ¢ = ¢, or ¢, Hence it must
continue to satisfy for all values of ¢, until the condition found in § 3 is violated, ..,
until the value of ¢ is such that the curve possesses a cusp or branch point. Also V;
and V, satisfy the requisite conditions of finiteness, uniqueness, and continuity until
¢ reaches the value ¢;, Now as ¢ approximates to ¢; from the direction in which
¢ < ¢, the value of V at same point of the boundary (viz., the point at which the
infinity occurs when ¢ = ¢;) will increase indefinitely, becoming ultimately infinite
when ¢ = ¢;.  This value of V will, however, give the true solution for all values of ¢
less than ¢;, and there will be a superior finite limit to the value of V. It therefore
follows that there can be no value ¢, at which an infinity crosses the boundary, and
the values of V; and V,, found by ¢ continuation” of the power series will give the
true values of V; and V, until the whole solution is invalidated by the occurrence of
a cusp. or branch point.

Summing up, it appears that we may neglect the question of convergency of series
altogether : so long as the values obtained for either V; or V, are possible values,
they must be true values. But care must be taken not to pass through values of the
parameter such that S possesses a cusp or branch point for these values.

L 2
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§ 11. Tllustrations of these remarks are afforded by the examples of §§ 6 and 7. In
cquations (23), (24), and (25) let us regard ¢ as a variable parameter, so that, as ¢
varies, the equations represent the different members of a family of circular cylinders.
We have seen that the series obtained for £ only remains convergent so long as ¢ <.
Equations (26) and (27) represent the values of 'V, and V, expanded in powers of c.
Now the value of V; is convergent, no matter how great ¢ may be, hence we know
that this represents the true value of V; for all values of ¢. The value of V, has as
its circle of convergence the circle » = ¢, and this intersects the boundary as soon as
¢ attains the value ¢ = a.  Hence the value obtained for V, will fail to give a true
solution as soon as ¢ exceeds the value ¢ = Ja, although it will always give the value
of V,, at points outside the circle » = ¢.  Again, in § 7, let us regard /b as a variable
parameter. The value found for V; is convergent for all values of /b, and therefore
represents the true solution for all values of /0, provided that we start from a true
solution, and do not pass through a value of /b at which a cusp occurs. Under this
same condition the series for Vi will give the true value of V at all points at which
it is convergent, and the expression given in equation (32) will give the true value at
all points, this being the expression for V, which would be found by * continuation ”
of the series, or (what is the same thing) by the methods of § 9.

The ellipse does not possess a cusp except in the critical cases of /b = 0, /b == w.
In the former the ellipse reduces to a pair of parallel lines, and the points at infinity
rank as cusps. In the latter the ellipse reduces to a doubled straight line joining the
points = 4 @™}, and, again, these points rank as cusps. Hence a solution will
remain the true solution so long as /b does not pass through either of the values
Vb=0or «, e, so long as /b does not change sign. This is the meaning of the
condition found in § 7, that /@ and /b must be taken with the same sign.

We can see this from another point of view, as follows. The solution (29) can be
exhibited on a RieMaNN's surface of two sheets, the branch points being given by

aby® = b — a.

When a = b (1.e., when the ellipse reduces to a circle) these points coincide in the
origin, and destroy one another. As b increases, the two points move along the axis
of &, and ultimately meet the curve when b = o at the points @ = 4 a7%, v.c., meet
the curve at its cusps as soon as cusps occur. Similarly, as b decreases from the value

b = «a, the branch points move along the axis of 7, and meet the curve when b =10
at the points y = -+ oo,

Deformed Circular Cylinder.
§ 12. As an example of expansion in a series of powers of a parameter, let us
consider the cylinder of which the equation is

= a 4 2emcosnf. L. . . 0 L . . (3D),
or, in &, » co-ordinates,

Ep=a*+c(&+9). . . . . . . . . (36)
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We are in search of a solution for ¢ expanded in powers of ¢ in the form
E=uytuctultul ... . . . 0. (87),
in which ug, ), ... are functions of 7.
Substitute this assumed solution in equation (36), and we obtain

N (Uy + wie 4 ue® 4 uge® + . .)
= a® + ¢ {9’ + v + nuytue + n (n — 1)y P up ¢

+ gty A g (n — 1) (n — 2) w3 w3 B

4 0 (n = 1) uy" P u uy® - nuy " ug 3}

+ terms of degree 4 and higher in c.

Equating the coeflicients of the various powers of ¢, we obtain
N, = a?, nuy = 9" + u,",
Uy = nuy" "y, g = 51 (0 — 1) 1, 2 u,* 4 nuy* L u,,
= gn(n—1) (n — 2) uy" 2w 4 n (n — 1) uy 2w u, + nu g, &e.

Solving these equations in succession, we obtain

a? a‘ln 1 aﬂn
_ e it=1 e _ =3 [ - e
Uy = e uy =yt 4 e Uy = N <77 -+ 'f/"“)’
n(2n — 1) n(3n — 1) afr—t
— 1 =4 =1 fo AT dn=4 pooATE T ST
1[3 En (7L 1) a™ 1}” ,,)7t+1 a* 27]3n+1 ’
3n(n —1
'UKL — %’H (n 1) (7l 2) a,‘zn—(} ,r’,‘lu-—l l _M_L,A*Aﬁ,) a‘!:ﬂ—ﬁ,

‘)
2n
4 terms of lower degree in ), &c.

Hence we obtain at once
V,=C+ Wp{-— & + g;{i c+ 5 =1)a"* (& 4 79" B
s 1) (1= 2) @ () o

=C 4+ Wp{—- 4 (2—6 4+ (n — 1)a*t 03> " cos nb

n
\

+ & — 1) (n = 2)a* Ot cos 2nf 4 .. } .. (38),
A=a{a®+na® -+ 3n(n—1)a* St 4+ ...1,
and, except in the special case of n = 1, a = 0.
In this way we can, when ¢ is small, write down the potential to any required
degree of accuracy.
Deformed Elliptic Cylinder.
§ 13. As a final illustration, we shall find the potential produced by a small
deformation of the surface of the elliptic cylinder

En=ad"+a, (&40 . . . . . . . . (39).
Let the deformed surface be
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&=ﬁ+%@+%H$m@%¢y., S (40),

and let the solution be, as far as first powers of b’s,
§:§°+>Pb”§”' Coe o (4,
where €, 1s a function of %, and &, is the solution when all the ’s vanish.
Substitute solution (41) in equation (40), and equate coefficients of b,, and we obtain
Em = 2a, E €+ & + ", or, solving for &,
E="+)/(n—2a,&). . . . . . . . (42).
We can express &, in the form

E=on+Bm+ . . . . . . . . . (43)

Hence equation (42) becomes

g _ (] + “n) ,,"n + nan*l 18,]711-—9, + Ce e
" n (1l —2ay0) — 200 By~ + . . ..

1 + ot a—1 / 7L“fl—16 2({,9',8 (1 -+ 0(-")‘ =3
=1 2(1201 ] + (1 _ 2(!-2:% (l . 2ag“)g )7) ’ + &e.

Hence we find as the value of V,,

Vi=ap {C — &+ La (& 49}

N =00 . . 1 +70€" ﬂ '(72 + 2) E‘”+16 26‘26 (1 + an+2) Z)n-‘\-g
+ WPEI({: + ) {1 — Dagee N + < 1 — 2a,a (1 — 2a.2)? ) n
: . 1
+ terms in b,y bypg, &e. ... j . »(44).

The value of & given by equation (43) is a solution of equation (89). Sub-
stituting this value, and equating the coefficients of the two highest powers of 7, we
find as the equations determining & and B,

o= a, (14 a?), B

equations which will be required later.

a4 a, (2a8 + 1),

Rorarineg Liguip CYLINDER.

General Theory.

§ 14. We now pass to the main problem before us, and consider the equilibrium
of a cylinder rotating with angular velocity w.
The equation to the cylinder for a rotation equal to zero is

Ep=0a® . . . . . . . . . . . (45

When the rotation o is different from zero, we shall suppose the equation to the
surface referred to its axis of rotation as origin to become
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=+ (E+9)Fa(EE+)+ ... . . . . . (46),

or, in polar co-ordinates, ,
7 =a* 4+ 2a;r cos O + 2a,7 cos 20 4 ... . . . . (47).

This equation is not sufficiently general to represent all cylinders which are
symmetrical about the initial line. The value of 72 being known at the boundary,
we shall always be able to find a function v such that v is finite and continuous,
together with its first differential coefficients, at all points inside the boundary,
and such that V?» = 0 inside the boundary, and » =+* at the boundary. The
value of v near the origin can be expanded in the forim

v =a®+ 2097 cos 0 + 2a* cos 20 + . . . . . . (48),
~and this series will have a circle of convergence, say » = R. It is only when the
curve lies wholly inside this circle that the cylinder can be represented by an
equation of the form of (47).

Let us, however, attach a conventional meaning to equation (47) in the case in
which the right hand becomes divergent at the boundary, as follows. TLet us suppose
that the value of the function v given near the origin by equation (48) is calculated
from its known values inside the circle » = R, the values outside this circle being
obtained by a process of “ continuation.” Then we shall suppose equation (47) to
represent the locus of points at which #? = v.

Obviously, with this convention, equation (47) is sufliciently general to represent
any surface. If this surface is to give an equilibrium configuration under a rotation
o, we must have

Vi4+ $o*?=aconstant . . . . . . . . (49)
at the surface. Now V; 4 mpr? is a spherical harmonic at all points inside the
surface, and equation (49) can be written in the form

o? \
(Vi + mpr?) — mp <1 o 727;I;> 7% == a constant,
or, what is the same thing, .
2\
(Vi 4+ wpr®) — @p <1 — ;rp Jv=ua constant . . . . (50).

This equation is satisfied at the surface S, and each term is a solution of LAPLACE'S
equation at every point inside S; hence the equation must be satisfied at every
point inside S.

Now V; can be calculated by the methods already explained, and we obtain an
equation of the form

n=0w

VimC—mprtmp S fu(a, g ) (E ),

which gives the value of V; at all points inside a certain circle of convergence. The
value of v inside its circle of convergence is, from equation (48),

v = u?® -+ Z U, (f + 7,“) ;
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hence equation (50), at points inside both circles, becomes

C — mpa® (1 —_ _‘i’o,>

. gmp

n=o w? )

+ mp 21 {ﬁ (g, tyy o v v ) =~ at, (1 = oy } (£" 4 m") = a constant. . (51).
S \ &
‘We must therefore have, for all positive integral values of 7,

® \
(e, a0 )=qa,(1—" > e (B2),
/l( 1 ) it 27rp' ( )

The condition that equation (46) or (47) may represent an equilibrium configuration
is therefore
VAR U — ] —— Y
How=hlo=Ffifa;=.. . . . . . . . . (53)

Bl
; ) . . . . . . w” -,
and the value of «®1s such that each fraction is equal to 1 — o Since for any
) - .

equilibrium configuration the axis of rotation must coincide with the centre of gravity,
we see that if the coeflicients of (46) satisfy (53), the curve must be referred to its
centre of gravity as origin.

The points of bifurcation are given by the Hessian of this system of equations.
For our purpose this may be most conveniently written in the form

% < o’ % ofs
A — |1 — o > 3 A AT
om 2mp, da, da,
e/, ofy _ (1 _ (9”7\’
da, ’  Oa, \ 2mp)
of, =0 . (54)
da, ) ‘ ' '

Our method will, for reasons already explained, break down as soon as a cusp or
branch point occurs on any linear series. Any solution will be a true solution
provided we can pass from this solution to another, known to be a true solution, over
a path through a system of linear series, without passing through a point at which
a cusp or branch point occurs. Now the occurrence of a cusp or branch point indicates,
in the physical problem, the division of the mass of fluid into two separate masses,
and when this occurs the solution breaks down for a second reason also: for
equation (49) is only true when the surface of the fluid is continuous; when the
surface consists of two distinct parts, the constant on the right-hand side has different
values for the two parts of the surface.

This limitation will not cause trouble in the present investigation. For we are
only desirous of tracing the changes in the configuration of the fluid up to the
separation into two parts, and even if our method had enabled us to proceed beyond
this point, it would have been fruitless to do so,
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The Series of Chircular Cylinders.

§ 15. If it were possible to calculate the f’s and solve equations (53) in the most
general case, we should arrive at a complete knowledge of the system of linear series
of equilibrium configurations. This being impossible, we shall start from a known
series, and calculate successive series by determining the various points of bifurcation.

Now we know (§ 12) that for the small values of the a’s, f, i1s of the form

Julay, ay, .0 ) =
given by ¢, = a, = ... = 0.

This is the series of circular configurations, and corresponds to the series of
Maclaurin spheroids in the three-dimensional problem. When «® > 2mp the solution

%: Hence there is a solution of the system of equations (52)

breaks down physically, since the pressure at every point of the liquid becomes
negative. In fact, when o* reaches the value o= 2mp the series gives place to
a series of annular forms, for each of which o? has the critical value. We can adjust
the radius of the annulus so as to give any desired amount of angular momentum
greater than the ecritical value which occurs in the circular configuration when
® = 27p.

Pownts of Bifurcation on Circular Series.

§ 16. To search for points of bifurcation on this linear series, we replace f, by a./n
in equation (54). Every term in the determinant on the left hand now vanishes,
except the terms of the leading diagonal, and the equation reduces to

r 2\ 2\ 1 / 2
— (1 = 2 1 (1 -2 T (R —
N (PR (R

The different roots correspond to the different integral values of n, and are
given by
n=1, 2, 3, 4, 5,... w,
*2mp = 0, 5, 666, 75, 8,... 1.

The first point of bifurcation (n = 1) may be rejected at once, the critical
“ vibration” being merely a displacement of the entire cylinder as a 1igid body.

A displacement in which «, only occurs for the single value n = s will alter the
potential energy only by a term proportional to the square of @, Hence the
prineipal vibrations correspond to the different values of n from 2 to o, and are such
that a, only occurs for a single value of n in each. When «* = 0, all these vibrations
are stable. When o® reaches the point of bifurcation of order s, the vibration of order s
becomes unstable, and, since there is only one point of bifurcation of order s, this
vibration remains unstable for a.l values of w® greater than the value at this point of
bifurcation. We therefore see that by the time that w® reaches the limiting value
2mp, every vibration is unstable.

VOL. CC.—A. M
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The Series of Klliptic Cylinders.

§ 17. The stable linear series is that of order 2. The nitial deformation is therefore
elliptical, and the point of bifurcation occurs for the value o = mp.
The equation to the surface is initially

Ep=a®+a, (4% . . (55).
In § 13 we found (equation (44)) as the corresponding value of V;
V; = ap C—& S (P9 . o . . . (506),
in which « is a root of
o=, (L-Fa%). . . . . . . . . . (d7),

and this is true however great «, may be. The values of f, (0, ay, 0, 0,...) can
accordingly be written down at once. We have
Jo (0, ay, 0,0, . ..) = fe,
and all the other functions vanish.
Hence there is a general solution of equations (52) in which all the a,’s vanish
except «,, and

Yo = (1 — o*2mp) c, . . . . . . . . (58),

where @ is given by equation (57).

This is the linear series of which we are in search. It is obviously a series of
elliptic cylinders, and corresponds to the series of Jacobian ellipsoids in the three-
dimensional problem. From equations (57) and (58) we have

ap=1=—0a>. . . . . . . . . . (5Y)

We therefore see that as we move along this series the value of »” continually
decreases from wp to 0. The angular momentum, however, increases trom a finite
to an infinite value.

The Remaining ( Unstable) Serves.

§ 18. Before searching for points of bifurcation on this series, let us briefly examine
the series passing the other points of bifurcation on the circular series, these series
being known to be all unstable. Near the point of bifurcation the form of the series
of order n is

= +a, (& +v) . L0 L. (60).

In § 11 we have calculated the values of f; (0, 0,.. . a, 0,...)as far as at, I
we neglect @, it appears that all these functions vanish except f,, and that f, is
given by » - )

Fu(0,0,...0a,0,..)=a/n-%(n—1)a" "o’

The series is accordingly given by equation (60), until «,* become appreciable.
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OF ROTATING LIQUID CYLINDERS. 83

The value of »® is given by
I —o*2mp = 1/n 4 §(n — 1) a> e,
It therefore appears that the angular velocity decreases as we recede from the point
of bifurcation.

Throughout the series the bounding curve is periodic in ¢ with a period 27/n, and
it is easily seen that at the remote end of the series is a curve cousisting of n equal
and symmetrically arranged arms, these arms extending in the limit to infinity, and
being of zero breadth at all points except in the immediate neighbourhood of the
origin.

In fig. 1 T have drawn the curve for the case of n =3, ay = The error in

' 4./ 2a’
the value of V; (equation (38)) caused by the neglect of ag* will be seen to be of the
76
order of "0003mp Il cos 40.
42

~ Nince the maximum value of #¢/a* on this curve is 8a?, it appears to be legitimate

to neglect this error.

Fig. 1.

Pownts of Bifurcation on Elliptic Series.

§ 19. Let us now return to the series of elliptic cylinders, and search for points of
bifurcation on this series. We have found in § 13 that when ¢, is finite, but when
the squares and products of the remaining «’s may be neglected, we have (equation
(44)) for values of n different from 2,

1+ et a,

Soles 0y ag, o) =7y

+ terms linear in a,.,,, @,,,, &c.. . (61).
Let us now examine the form assumed by equation (54) at points upon this series.
We have, in the first place, 9f,/0a, = 0.

M 2


http://rsta.royalsocietypublishing.org/

I\

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A
)

Y
A

a

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org
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We have also 9f,/0f, = 0 whenever m is greater than n. IHence we see that the
determinant on the left hand of (54) reduces to the products of the terms in its
leading diagonal, and that the equation itself is equivalent to the separate equations

offoc, = (1 — &*2mp) . . . . . . . . . (62)
taken for all values of n from 1 to .

Corresponding to a root of (62) there is a point of bifurcation, and the linear series
starting from the point must be found from equations (52). From these equations it
appears that the linear series corresponding to a root of (62) will be such that, as far
as the first order of small quantities, «, exists only for the values s = 2, n, n — 2,
n—4,...

Of these series the series n == 2 may be rejected, as corresponding only to a step
along the series of elliptic cylinders, and not to a new series at all, and the series
n = 1 may be rejected, as corresponding merely to a change of origin.

We are left with the values n =3, 4, 5,. .., and for any one of these values we
have, from equation (61),
VO
oa,  n 1 —2aa,

The points of bifurcation are accordingly given by the equations
1 14 ; w’

nl— 2aa, 5%,3 (65),
where n has the values 3, 4, 5, . ..

These points of bifurcation are points on the series of elliptic cylinders, hence
ay, and a are connected by equations (57) and (58). If we eliminate »* and a, from
the three equations (57), (58), and (63), we find, as the equation giving points of

bifurcation of order n,
= L Lo (64).

This equation must be solved by graphical methods. TIn fig. 2 the curve which is
concave to the axis of o is the parabola

y=4l—=0a®. . . . . . . . . . (65)
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The remaining curves are the graphs of

14+ o

y= L (66)

7
for the values n =3, 4, 5, . . .

The curve (66) cuts @ = 0 at the point y =1/n, and @ =1 at y = 2/n. The
value of dy/da is a"~'. Tt is therefore obvious that the curves are convex to the
axis of a, and since for any value of « the value of dy/da is greatest for that curve
for which 7 is least, it is obvious that the curves can never intersect.

We therefore see that the parabola (65) will meet each of the curves (66) once,
and once only, for values of « between 0 and 1. Moreover the smaller n is, the
smaller the value of « at the intersection.

As we move along the series of elliptic cylinders, the value of a increases from
0 to 1. Hence there will be an infinite number of points of bifurcation on this
series, of orders 3, 4, 5,... . The point at which we arrive first is that of order
n = 3; those of orders 4, 5, ... follow in succession. As before, we find that the
configuration at the end of the series of elliptic cylinders (« = 1, an infinitely long
and thin ellipse) is unstable for every vibration.

The linear series which we expect to be stable is that of order n =3. To
find the point of bifurcation of this series we require to solve the equation
(1 — o) =4 (1 + &%) and the solution is found by inspection to be = 4.

From equations (52) and (53) we find that at this point of bifurcation w®= $mp
and @, = 2. The elliptic cylinder at the point of bifurcation is therefore the
cylinder

En=a*+ 3+ . . . . . .. . (67)
a4 9yt =5ba® . . . . . . . . . . (68).
If we reduce the linear scale of this until the area is a? we find for its equation
x* 4 9y® = 3a?,

or, in Cartesian eo-ordinates,

and for its angular momentum, 146 times the greatest angular momentum for which
the circular form is stable.

PorNcarE’s Series of Pear-shaped Curves.

§ 20. The configuration of the new linear series of order n = 3 is, near the point
of bifurcation, of the form

=0+ 3(E+7") + 0 (8 + )+ 0 (E+m) . . (89).
This new series is seen to be the series corresponding to PoINcari's series of pear-
shaped figures.® Instead of making a separate problem out of the determination
of the constants b; and by, we shall, in order to avoid repetition at a later stage, pass

* H. PoINCARE, ¢ Acta Math.,” vol. 7, p. 347,
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at once to the equations determining the general configuration of this series. We
therefore replace equation (69) by

b=+ 3@+ + 3 el e+t o o)

This will be assumed to be the general form of the surface in the linear series
now under discussion, the quantity & being a parameter which vanishes at the point
of bifurcation.

The equation expressing explicitly the solution of (70) may be supposed to be

E=(1 = JRETEOFERTEF+ ) (T,
2mp)
in which &, is the value of € when 6 = 0, and therefore satisfies
Em=a*+2(EXF2D) . . . . (72),

and & 1s a series of ascending and descending powers of %, sy

a4 . (73

E=a,+amt+am’+ .. Fa
If we calculate the value of V; from (71), we find
V,= — 77,0{:77 -+ %h’p <]. — ;:Zp:\) Uy + wp <1 — —:::[J> s0:U, . . (74),
where, if' & is given by (73), the value of U, is
U= CH+ay(é4+n) +5a, ()4 ... . . . . (7))
Using the value of V; given by (74), the equation to be satisfied at the surface is
, \

2
> U, -+ wp (]_ — 207)rp> 20U, = const.,

¢ w
— & (mp — $o°) + Smp ( L=

or, dividing throughout by mp — 4e?
&y = 30U, + terms independent of 0 <. . . . . . (76).

Tquation (76) must be identical with (70), the right-hand members of both heing

2

spherical harmonics, and hence we must have
=00
e
U, = soo + 5 0, (é‘ﬂ -+ "7”)9
=1

and therefore, by equation (75), ,C, = a,.,/n for all positive values of 2.
Instead of being given by equation (73), the value of & may now be supposed to be
given by

&=, 4+ 2Cm+ 30>+ ... + a_m Va4 oo (77)

1f we introduce the limitation that the curve is to remain of constant area, we must

put ¢_y = 0. If we now replace ¢_,, ¢_5... by new unknowns £, O, ... we

can write equation (77) in the symmetrical form
M= o)

&y == DI /{’//7?”“1 oo (78)

)
in which we know that _; must ultimately be equal to zero, in order that the centre
of gravity may coincide with the origin (¢f. equation 22),

e
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Now w® will be a function of 8, and the relation between ® and 6 is at our disposal,
this relation being virtually the definition of §. We have, however, already assumed
that at the point of bifurcation § = 0 and 00?00 = 0. We therefore take as the
relation between o® and 6,

L —o*2up =64+ 8F+&F+ ... . . . . . . (79),
in which 8, = 3, and 8,, 85, ... are as yet undetermined.

The value of & given by equation (71) is now

'f:: SO + 68061 + 62 (8052 + 28250) + 03 (8053 + 8251 + %8350) + et (80)

If we substitute this value in equation (70), of which we are supposing it to be
a solution, we obtain

7 (& + 03,6, + 6”( s+ 306+ .. )
=’ + 3 2 2 + & + 250 (‘98051 + & ( of + ;‘8350) +
(05 & + 7 (5 &+ 56,6) + .. )

+ 3000+ Y G ). - (8),

and 1f we equate the coeflicients of successive powers of @ in this, we obtain
Em=a®+ (&4 . . . . o L. (82),
8 (n — 5&) =G + EIIOR (&"+2) . . . . . . (83),

(Bo€s + § 6:6) (0 — $&) = % (861 + 8, § n,0, 50“"1

+ G, —I— C,(&"+ 9" . . (84),
(B€s + 8.6, + 59 f(.) (n — 3&) = $8,&, (8,€, + 8. é‘o)
+ (8,61)* = ; g (n— 1) 1,0, &7 + (3pés + $8:€,) E n,C, "1

+ 8630, Co T G+ EC () . (85)

Kquation (82) is, as it ought to be, identical with (72). Equation (83) enables us
to determine the constants which occur in €. These having been found, equation (84)
enables us to determine &,, and so on in succession.

§ 21. As far as first powers of 0, we know that the configuration is of the torm
given by equation (69). We therefore assume at once for & the form

3¢

¢ N
=3cn F o — =" 00 L0 (86),
& s + ¢ 7 't ( )

m which ¢, 18 temporarily written for ,C,.
Since &, = &, and since the ¢’s higher then ¢; must vanish, we find that equation (83)
takes the form

§—38)&=c (& +7) e (E+m) - . . . . (87)
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Since &, satisties equation (82), we have

— B 1 9.2 8
y=an+ 5/ (I —10a*). . . . . . . . (88),
or, expanding in the appropriate form, and taking @ = 1,

1 9 4. 90 1000 , 25000 <
& =14+ 3q + Ao g + 37T (89).

125 2500

topat i T o (90)

ot

‘50 = ‘g‘éoﬁ - ”I:2 -y = ;’73 + -

‘ C s .50 1375 |
&8 =0 =) —w' ==t b g (91),
Equation (87) can now be put into the form
5 25 500 7. ¢ Se_y
s 0 % — 1 s0m? g — &1 B0 _
[877 by " 20 T 243 T [\30477 + ¢ ” " . }
— o |9 5y g 00 BT
- (/3 [87] +_ {’Y) + 977 + 81’.’):; {— A '\i

. . 5 :
+01[’3“7+‘32+ )-’r...] o (92),

27
Equating the coefticients of the various powers of 9 we obtain
§03 = §¢y
— 50+ o, = fey + §e
— %0y = g0y — ooy = e + ey
Sy + §7c).

The first equation is, as it ought to be, an identity, We may assign to ¢; any

oo

@
o

500 25 b 9 R
=610 = 3701 T §Cn 05 =

value, and therefore take ¢; = 1, this being equivalent to fixing the linear scale of
measurement of 0. Solving the remaining equations in succession, we obtain the
following scheme of values :— '
J— — 10 - 2 Ju— 1000
03 = 1, Gl = = 3, CW} = U, (/__3 = e g

The vanishing of ¢_; shows that the centre of gravity of the curve is, as it ought to
be, at the origin.  We now have as the value of &, equation (86),

o 1000
é‘:l:o'r)“m--]‘gg-ﬁ—sz—{—... C o (93),

§ 22. We now proceed to the determination of £, Equation (84) takes the form
(0 = 46) (ks -+ $5:6) = 30962 + 36y (3852 —
+ﬁwﬁgﬁdg+wg.... L (94),
The value of &, is of the form (equation (78)),

+ o
E=3SnCm'™ . . . . . . . ... (95)
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Suppose this value substituted for & in equation (94), and in the equation so
obtained equate the coefficients of the various powers of . For any power of 5
greater than the fourth it will be seen that equation (94) may be replaced by

n=0

™ a —

B (n = 1) 3 nCp™ = 3 (& + ) =
N -0 =1

The equation obtained by equating to zero the coeflicient of any power of n greater

than the fourth will therefore be of the form
a linear homogeneous function of ,C,, ,C,.1, . . . = 0,
and there 1s an equation of this form for every value of n greater than 4. This
Y g
system of equations can only be satisfied by taking
Oy =0y=.C = ... ==

We may therefore assume for &, (equation (95)) an expansion of the form

21,

7 ,3

. , a
& = 4dm® + 3dy® + 2 + d, — ‘;}; —_ (96),

in which d, 1s written for ,C,.
From equation (82) we have
(e 10) e & (75 & 15,2 325
5,698 — 1) = & (18 &m — X7t — 3),
and from equation (87),

(”’7“"%50)51 """ (é’o +77) ];“(é(:o-l-?})' o (97)'

From these last two equations we obtain

00y (367 — ") = & (3 — A7) — W (&0 + ) + 8% (& + ). . (98)
With the help of equations (97) and (98) we can write equatlon (94) in the form

(= 36) (8ods + £8:8) = 5&° + & (B0 — %4%)
= (& + ") + 12 (& + )
+ A (&t +9") + dy (60 +0°) + L (EP )+ (G )+ di o (99).

It is clear upon examination of this equation that the equations found upon
equating the coefficients of %%, 5, ™, &ec., will contain only terms multiplied by
ds, dy, d_q, &c., without constant terms. We therefore take

dy=d, =d_y=...=0.

Equation (99) now contains only even powers of 5. Before we can caleulate the
coefficients of these powers we must obtain series for &* and & By squaring
equation (93) we get
2000

()7}07

g‘f" — 9}7 - 2077 + 100 (100),

Next we have from equation (82)

=15 (& —1)

Squaring this, and subtracting 2&,%? from each side,
VOL. CC.—A. N
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& 04 + ”)Zr = %i - 22'5‘5077 -+ J.:ngozﬁz.
Using the series which have already been obtained for £? and &, (equations (89)
and (90)), we obtain

=
Elme Lot e B 275 1 5000 -
0o = 1eM 67 b4 (243979

We can now evaluate that part of the right-hand side of equation (99) which does
not contain d,, d,, or d,. We have

’ 625
B g9 454 . 25,9 125 =20
261 397 CRU M e R 187 ’
£ (2552 3_2[1> —~ 7654 . 1125 9 + 1625 1 10’925 +
J(bﬂ? YR ) 64N 39" 7] 79T 72 T
i 34,375
75 o 2 G 675,40 3759 625 T5DUIT 1
—~ T (&% + ) = — % 527 12 216n2 e
2107
3125
195 o . 8375,9 4 625 . DoAY
Y5 (&) + ) = s Tk bdn?

By addition the sum of the terms m question is found to be
b7
b 25,0 4 BT5 4 BT
167 36 54?75)
Lastly, we have
75 ¢ 32 " 64 -1
5 (3,8 + §8,8) = 4dm® -+ (2dy + 338y » -+ 1500
~ 1es -3
(= 2y )

Uollecting the various series, we find as the form assumed by equation (99),

(/ 5 5 25 500 >
\87} ‘JAT} 277]:’, :;57,/.:7 : )

— 45, 4 25 9 8%5 2o

= 180" = e et s
5000 A

17,4 b2 275 3 07
—-{-— (Z‘F <—idl7 + ]%n ;',q‘J i_ 24‘3772“}" P )
B 125 A

. 5.2 LT A N
+ d, <,g) -+ 3 o T >

A= .
Fquating the coefficients of the various powers of 9, we obtain
= 0 A ey 4 SESy = - A Jdy + idy,
— 300d, =y A 558y = N R AP A Sy +

p)
N : — 4375 5000 1254
- 2'QQQCZ4. - %%dz = %’%‘52 - 2d o = TRAT T aas dzy + Sidy.

Solving, we obtain in succession,

|
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OF ROTATING LIQUID CYLINDERS. 91
dy= 45, dy = =230+ 38,
dy= 5380 — 88, d_y= 35 — %925,
We therefore find as the value of &,
. as 4375 , 1984 1
& =130 — 2530y — it + ...+, {%%17 + g1 T } (101).

23. We now proceed to the determination of &. Equation (85) takes the form
S I 3 q
(8053 + 8.6 + 28350) (77 — ig‘()
== %Bogl (8052 + %82‘50)

+ (8661) 38 + (8,& -+ 50:80) (36 — 44)
+ 80§ 1 (J“'?'Qfos - 2’%’

16 + 88, 1064,
+C S E ) L (102)

All the terms on the right-hand side, except those in the last line, are of odd degree
in » and of degree 5 at most. The same is true of the terms on the left-hand which
are multiplied by 8,. The terms multiplied by 8; are of even degree, two at most.
It is therefore clear that we may at once take

Cy=40,=4Ci=4Cy = ... =0,
3, =0; 0, =,0,=,0 =...=0,
and assume for & an expansion of the form
[
& = bent + 3egn? + e -—-;}ér— N ¢ (5

We now calculate the various series which occur in equation (102). We have
q

5 25 500 .
[e— f?!-'- : o o ,3_ JOREN J. — i gty S
80 (7’ 5&0) fa [87] 67) 277)3 2437)5 .. ] ég;
and from equation (97),

O (n — 3&) & = 8, [ (& + °) — % (& + )]

64 . o 9
— 5, 3759 L= 7 (& + 7°) + 2359 (& +n) |

This last bracket can be at once calculated from the series of the last page ; we have

Sy(m—3&) & =8I —6n+0.770 4 ...) . . . . (104).
Next

%8051 (8053 + '2'8250) + (8059 + '?’"&zfo) (3502 — '1“39) = (gfsz + %8250) (?751 + 3 u(;z - _1'59'
From equations (93) and (90) we have

. , 500 \ 125 2500
6+ 350 — 4P = <%17 =3t g+ (15*';772 T+t 31‘,‘,;4) — g
125 | 4000
e DR U 105
=4 T g T (105).

From equations (101) and (89) we have
N 2
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92 MR. J. H. JEANS ON THE LQUILIBRIUM
- . 5 a 2895 4375 ; 1984
‘ffz + % 82&) =% {lﬁo’yf - ‘"3'%*“’7 - ’271]:3 e } _I— g 82 {%?ﬂ + ‘8:];'75 + c }

8 80
+ 9, {3‘77 +5, Torpt }

oo« « 21,875 8 1480
o 22353 14,195, _ =bO ) ‘ O i
= A= M = +82{zn+37]+ sty }
and hence, by multiplication with (105),

18,6, (06 + 3 8.60) + (06 + §8.6) (367 — 1)

. 20255 _ 127,1925.3 1 8123 __
=56 R i/ M wlt W/

N 1)
+ 6, {'2}7)“ -+ 69 -+ 0y -+ .. 1{
We have from equations (89) and (100)

. ; 5 50 1000
C e L 1 ) I P .
o= T Sy 2Ty + 2435 R
. A : 2000
' 9 100
£ =gt m 20 4 10
and hence, by multiplication, we {ind
29— 9.5 3 100 5500
&= Y0 P = 0y
8ln
Therefore (8,&)2 (3€,) = 875y 4. 875,58 625, 1 21,875
herefore (8,6))* (3€)) = 1387° + 6" — i 4+ 4y
Hrom equations (91) and (89) we have
o 2125 154,375
180¢ 3 2825 — 45,3 1025 e
R w— SR == 9 b e B e R
7 g() 28§ S0 14 5671 8477 7847)" _{" s

and from equation (93),

86 =" — 15 + ?(‘)»‘:;; + .
By multiplication of these last two series,
ot (506 — MP6) = STI° — 2300 — Y+, +
We have also
B8 ALEE = 88 {bn ot = 0y

=0, {37 -+ dn+0.97" + ...}

The last series we require is &5 By multiplication of the series (91) and (92),
we find

5 1.5y a5 sy szs 9000
o = e AN A e g

If we now collect the various series which have been obtained and substitute them
in equation (102), we find, as the equivalent of this equation,
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“3 o - 5 —_— 4 0.1 S
[’8”’7 + el Ve R :l [5(3577 + Segn” e e e ]
b~ om0t 4]

+

+ Tddy
+ T80 — 2035 — W+
+

Equating the coefficients of the various powers of 5, we obtain

ey =008 +38e, . . . . . . . . (106),
— 265(’5 -+ %@3 o 3 82 S | 5(8 625 + %“g’es + _3_63 o (107%
— ey + fe, — 168, = 2025 1. %—]7_—{’;% Ses 4 Be, . . (108),

7 8
)0 25, __ 5, _.620 —_— — 440,625 ___A 50
243 Cy = 363 6C1 9 82 8C-1= “50s ’+‘ e + 9 C3 + 5”1 (109)’

Solving the first two of these equations, we obtain

ey=225 . . (110), 8= — 8025 . . . . (111).

Equations (108) and (109) may be written
— 8250 — 15 (ey 4 350)) — 168, = 5%%’ Coe o (112),
R (e ) — T — ey = SRS L (113

Multiply (112) and (113) by 20 and 9 respectively, and subtract, and we obtain
025, 43008, — Ye_, = 9375 . . . . . . . (l14),
From equations (110) and (111) we obtain
G38e; + 3008, = %P,

and hence, by comparison with (114), e_; = 0.

t

7

{

This vanishing of e_; supplies a searching test of the accuracy of the work.
Equation (112) becomes, after simplification,
eg ey =~ 178 0 0 0 o . o (L15).
Our equations do not enable us to determine e; and e, separately; they are,
however, all satisfied by taking
e, = --—1;78——35-{-}\ . (1].6), e, = “_..3-39}\ . (1].7)

9
0
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94 MR. J. H. JEANS ON THE EQUILIBRIUM

where \ 18 unknown. We therefore have (equation 103)
& = 120yt — L7075, b X (89 ~- 10} - terms in p7h 978 &e. . (118).
Using the value of &, given by equation (111), we find as the values of d,, d,,
and d, (p. 91),
45 75

— J o LRSS ] - 608
Gy == 777 dy = — 20 dy = 23535,

0

§ 24. Collecting the values of the various constants, we find as the equation to
the surface (equation 70),

En=142(E 4+ )+ (& + ") — (£
A 07 {85 (£ o) — D05 (£ o ) - 69875
+ 03 {235 (£ ) = I EH(ER )} o terms in 0% O, &e. . (119).

o -3
S
nY
_{_
=
ey
=

The occurrence of the indeterminate quantity M can easily be accounted for. Kor
if we have a solution

Ep=a*+0f + 6L+ 00+ .. . . . . . . (120),
corresponding to a parameter § which is connected with the rotation by the relation
1 — &% 2mp =8 + 8,00+ &+ ... . . . . . (121),

then we can obtain this same solution in another form by replacing the parameter ¢
by a new parameter § -+ M5, As far as 03 this leaves the relation (121) between o
and 6 unaltered, whilst the equation to the surfaces as far as ¢* becomes

En =a (0 4+ NP f + -+ Bf, 4+ 0 0o (122).
It accordingly appears that in equation (119) the value of X is entively at our
disposal. We shall therefore take N = 0.

Inwestigation of Stability.

§ 25. There is a large d priort probability that the linear series we are now
considering will be stable for small values of 6, but it will be well to rigorously
examine the question.

It appears from PoiNcARE's researches that the whole investigation reduces to
determining whether the angular momentum is a maximum or a minimum at 6 = 0.%
We therefore require to calculate the angular momentum as far as %, and the answer
to our problem will depend upon the sign of the ferm containing 6°.

As far as 6% the equation to the surface in polar co-ordinates (», ¢) is
(equation (119))

r? =1 -+ %% cos 2¢ - 20 (v* cos 3¢ — L7 cos )
+ 0 (22t cos 4 — 2854 cos 2¢p - C2ETS) . . L (123)

The moment of inertia is given by
1= ([rdrrdg

* M. PoiNCARE, “Sur la Stabilité de UEquilibre des Figures Pyriformes.....,” ‘Phil. Trans.,” A, .
vol. 198, p. 333.


http://rsta.royalsocietypublishing.org/

A

/}’Aé\

L

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A
A

Y
A

)

a
J

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org
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taken over the surface, and therefore by

I.:%J’:fr*dr/n L (12w,

. ) R
where 7 is given by equation (123).
Let us assume a solution as far as #* of the form

rt=at (L+ B0+ . . . . . . . . (123),
where a, 8, v are functions of ¢ only, « being given' by

al (L —~%cos2p)=1. . . . . . . . . (l26)

The value of 72 corresponding to solution (125) is
= a2 (14 B0 + 0 (3y — L)),

and if' we substitute this value for 77, and the similar values for » and »® in equation
(123), and equate the coeflicients of & and 6%, we obtain

B =2(c® cos 3p — Ll cos ) . . . . . (127),
— +B% = 30®B cos 3¢ — Fof3 cos P 4+ Aat cog 4 — 2854

whence, by elimination of £,

\Jl
O
=
w
[\

-
-
lo

o

iw
NN

Jon

%y = 8(a® cos 3¢ — Lla cos $) (&® cos 3 — Fa cos )

+ 284 cos dep — 28342 cos 2 - ELEIE,

We can eliminate ¢ from this equation by the help of equation (126). The
resulting value for }y contains only even powers of «; if we simplify this, and
transform the numerical coefficients to decimals, we find

Lty = 68'1ab — 319-8at -+ 264'4a” + 159°4.

Now we require to find the coefficient of 6° in I (equation (124)), and this is
%,( atydd. We therefore require to know the value of _rag"‘ dep forn =2,38,4,5
0 0

This integral can easily be evaluated for all positive integral values of n ; the values
which we require at present are as follows :—

n o= 2, 3, 4, 5,

1 L
! j dd =46 170 701 3053
0

™

Substituting these values, we find at once that “12_(: aty d¢ is a positive quantity.
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Thus the moment of inertia and the angular velocity both increase as 6° increases from
the value § = 0. The moment of momentum is therefore a minvmuin for the value
0 = 0, and this proves the stability of the series of pear-shaped figures.

The Series of Pear-Shaped Curves.

§ 26. The equation to the curves of thislinear series has already been calculated as
faras 6% In order to obtain astill better idea of the shape of the curves I have carried
the calculation two degrees further. The calculation of these last two degrees is
extremely heavy, and I have omitted all details in order to save space. The method
is precisely similar to that which was followed in the calculations of §§ 20-23.

It was found that the coeflicients multiplying terms in 0* and & were inconveniently
large, and to obviate this, the parameter has been changed from € to 10%°¢. After
making this change we find, as far as °, for the equation to the surface expressed in
polar co-ordinates, and for the equation determining «?

1= (1 4 1896% 4 '0280* 4 . . .) — 2110r cos ¢
+ ('8 — ‘1386 — 0690+ . . .) r* cos 2¢
+ (10630 — -00646% — -00316° . . .) 1% cos 3¢
+ (10136° -+ 00088 - . . .} 2" cos 4¢
4 (1003665 - *000936° . . .) 9 cos b
4+ (001160 4 .. .) 70 cos 6¢
+ (10004305 + .. )17 cos T 4 &e. ... (128)
1 — o*27p = 625 — 0196 — -0166*. . . . . . (129).

§ 27. We must next consider within what limits the caleulated terms of equation
(128) will give a good approximation to the complete equation. It is clear that for
given values of » and 6 the worst approximation may be expected when ¢ = 0.
Let us therefore consider the function @ (r, 8), defined by

® (r, 0) = (1 + 1396" + 0236 + . .. ) — 2110r
— (2 4 "1386% + 0696 + . . . )+°
4 (10630 — 00646° — "00316°) 4"
+ (*0136% 4 *00086* + . . . ) #* + (:00360% - “0009365) 2%
4 (00116% 4 ... ) 2% - (:000436° + . .. o7 + &e. . . (130).
The value of @ (v, ) is expressed by a doubly infinite series, of which only a few
terms are known. When » =0, § = 0, the value of ® is known to be accurately
equal to unity. For small values of » and 6, equation (130) will give @ with
considerable accuracy, but for larger values of # and 6, the terms calculated will be
inadequate to give a good approximation to the value of ®. What then, we
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inquire, are the values of » and 6 over which this approximation may be regarded
as good ?

The coefficient of each power of » is an infinite series of powers of 6, of which
all terms up to 65 have been calculated. A glance at these series will show that the
approximation is tolerably good so long as 6* < 1, but begins to break down as soon
as 0 exceeds this unit value.

Supposing that we have assigned to @ some definite value less than unity, the
value of @ (r, §) will be given by an infinite series of powers of », of which only
the first seven are known. For small values of » these first few terms will give a
sufficiently good approximation, for larger values the approximation will be bad.

T
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/

\
\
\\
/ \ AN
/ \
/ AN
/ \
/ N\

Ve

A

2

)/
[ N ,

w
NN

8
A

)

Fig. 3.

and for still greater values the series will become divergent, so that the first few
terms give no approximation at all. It will be seen from inspection of equation (128)
that the approximation will be tolerably good so long as 1? < 1/62

The conditions under which the calculated terms will give a good approximation
may accordingly be supposed to be that 6? < 1, and »* < 1/6?. In fig. 3 is
represented the plane of =, . The part of this plane over which the approximation
is good is that bounded by the four curves

=1, 0= —1, rd =1, 7l = — 1.

This is the portion which is shaded in the figure.
VOL. CC.—A. 0
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98 MR. J. H. JEANS ON THE EQUILIBRIUM

In this same figure the thick curves represent the locus,
@ (r, ) =0,
calculated upon the supposition that the calculated terms of @ (r, 6) give a
sufficiently good approximation to the whole. For the greater part of the curve
this assumption is not justifiable, so that the curve requires adjustment, the
amount of this adjustment increasing as we recede from the shaded portions of the
plane. The most important points on the curve are those at which dd/dr = 0.
These may with sufficient accuracy for our present purpose be taken to be » = 2,
=1, andr = — 2, 0 = — 1. ;
§ 28. The points at which the axis ¢ = 0 meets the curve of which the equation is
(128) are given by ‘
o (r, 0) = 0.
Fig. 3 accordingly enables us to trace the motion of these points as we move along
the linear series, v.c., as # increases from zero upwards. At 0 = 0 we have, of course,
two equal and opposite roots—r = =4 /5. As @ increases the positive root increases,

while the negative root numerically decreases. Remembering that the centre of
gravity of the curve must remain at the origin, we see that this indicates a general
thickening of the half of the curve in which ¢ > #/2, with a diminution in the
thickness of the forward half, and consequent lengthening of this half. These
features become more marked as # increases, until we reach the value 0 = 1, at which
a new feature presents itself. Tor here there are two new roots occurring at the
point 7 = 2. This indicates that the fluid separates into two portions when the
value @ = 1 is reached, the point of separation being » = 2 (approximately). We
are at once struck by the great inequality in size between the primary and satellite :
the former extending approximately from 7 = -~ 2 to © = -+ 2, and the latter only
from 7 == 2 to » = 24 The ratio of the linear dimensions will therefore be some-
thing like 8 to 1, but it must be remembered that our results require considerable
correction on account of the imperfections in our approximations.

§29. In fig. 4 the thick curve is the elliptic cylinder corresponding to # = 0, and
the dotted curve is the adjacent curve corresponding to a small value of 6 (0 = 3).
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In figs. 5 and 6 the curves are those correspondiﬁg to 8* =4 and * = 1. A glance
at fig. 3 will show that theve are difficulties in the way of drawing these latter curves
with much accuracy. I have given in detail some of the calculations used in
drawing the curve 6 = 1, in order that the reader may judge for himself as to the
closeness or otherwise of the approximations. The curve 6® = § is of course much
easier. Before passing on to the calculations, two points ought to be noticed.

(1.) It will be noticed that in the various @-series (the coefficients of powers of # in
equation (128)) the terms last calculated are without exception of the same sign as
those previously calculated. There is therefore some justification for hoping that
the remainders in these series will be of' the same sign as these last terms. If this is
so, the error introduced by the neglect of these remainders could, to an appreciable
extent, be reduced by an adjustment in the value of §. Thus we shall be attempting
to calculate the curve for (say) # = 1, and shall obtain a curve which is much more
like the curve for some smaller value of @ (say 6 = -98) than it is like the curve
0 = 1. Regarded as an attempt at tracing a surface of equilibrium the error will be
much smaller than if regarded as an attempt at tracing the particular curve = 1.

Fig. 5.

(ii.) It will be noticed that the sign of the leading terms in each of the series
multiplying %, #%, 25, #7, is positive. ~An examination of the method by which these
leading terms are calculated will show that this is a general law: all the leading
terms after 7° ave of positive sign. Thus the error will be reduced by supposing the
series (128) continued to higher powers of » by a suitably chosen series of terms.
I have accordingly done this in the calculations, and the conjectural terms are,
throughout, enclosed in square brackets.® ‘

The Curve 0° = 4. (Fig. 5.)

§ 30. In tracing this curve I started from ¢ = , and calculated a series of points
on the curve for decreasing values of ¢. The approximation at ¢ = = was found to

* The effect of these corrections must, of course, be small ; but, at the same time, it seems as well to
make use of any definite knowledge that we possess.

02
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100 MR. J. H. JEANS ON THE EQUILIBRIUM

be good, the root being 198, and the error occurring ouly in the third decimal place.
As ¢ decreases the approximation improves, and at ¢ = #/2 the error occurs only
in the fifth decimal place. At ¢ = 71° the error again appears in the third place,
and after this the approximation is bad. My plan was to calculate for smaller values
of ¢ as well as I could, taking care to keep the values of # in defect rather than
excess of their true values. The curve was then plotted out on paper ruled with
squares of 1 millim., the unit of length being taken to be 50 millims.*
The area of the elliptic eylinder of fig. 4 is known to be
13,090 sq. millims.,
and this would also have been the area of the present curve had it been accurately
drawn. The area of the curve (obtained by counting squares) was, however, found
to be '
12,776 sq. millims.
The moments about the axis ¢ = /2 of the two parts of the curve (¢ > #/2 and

\\

\W——"“‘/
Fig. 6.

¢ <w/2) ought of course to be equal : these were found to be respectively
298,290 cub. millims. and 302,850 cub. millims.

Tt was therefore obvious that the curve had been too much shortened in the region
in which ¢ < 74°.

Readjusting the curve in this region so as to divide the error as equally as possible,
T arrived at a curve with outstanding errors in area and moment of

139 sq. millims. and — 139 sq. millims. at » = 125 millims., ¢ = 0.

This is the curve given in fig. 5. It will be seen that the error is one of about

1 per cent.
Caleulation of the Curve 8 = 1. (Fig. 6.)

§ 31. The equation of the curve is found to be
72 = 1-162 — 2117 cos ¢ -+ '5937% cos 2¢p + 05373 cos 3¢p + ‘0144* cos 4¢
+ :00457° cos 5¢p 4+ 001 12% cos 6¢ -+ 0004377 cos 7ep
4+ [00024® cos 8¢ + 000177 cos 9¢p + . . .|
the terms in square brackets being those mentioned at the end of § 29.

* This has been photographically reduced to 25 millims. before printing.
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OF ROTATING LIQUID CYLINDERS. 101

We calculate in succession the value of the radius vector when ¢ =180°, 150°, 120°,
90°, 60°, 45° &c. The value of 7 is a root of ® () = 0, where
®(r) = — "+ 1'162 — 2117 cos ¢ + &c.
Our method will be to find a value of » for which @ () is small, and calculate @ (r)
and d®/dr at this point. The true root R is then given by
D(r
R=r— ;za;é‘;,%; :
“When o =m, & =1162 4 2117 — 4077% = 05373 4 *0145* — 004575 4 001176
: - — 0004377 + ['00027% ~—~ 00017 4 . . .].
When r = 18, @& = 1162 + '380 — 1'319 — ‘310 4 *147 — 085 + 038 — ‘026
+[*020 — 018 4 .. .] = — 003 4 [01],
ADjdr =21 = 1'd — 543 — 241 —, .. = — 14,
therefore R=18—"0024[007], or, R = 1'805.
When ¢ = om/6, © = 1'162 4 '182r — 7047® — 0077* -} 100897® — 001 1+°
-+ 0003677 — [*0001#3 4- 1000071 4 . . .].
Whenr=,/2=1414, &=1"162+4257-— 1408 —"028-+ 022 —"009 4004 — [-001]
= 000 — [*001],
therefore R = 1414, _
When ¢ = m/2, ® = 1'162 — 1'593¢% + 014rt — 001175 + [00025] + . . .
When 7* = 74, » = ‘859 ;
® = 1162 — 1179 + 007 — 0003 + [0000] + ... = — 010 ;
d®/dr = — 2'5; therefore R = 859 — ‘004 = 855,
When ¢ = 74°, @ = 1162 — 2097 — 42742 4 04673 40122+ +00867° 4000870
+ 000377 4 [*00017° 4 0000470 + ., -

When 72 =38, 7=1732, ®=1162—348 — 1'281 + 241 4108 4 056 + 021
+ 014 +[008 + 005 +...]= — 027 + [01]
dd/dr = — 209 — 144 + 42 + 23 4 17 4 08 4+ ... = — 75 : therefore

R = 1732 — 036 + [01] = 1°71.
When ¢ == 4°% @& = 1162 — 2117 — 41072 + 0525 +4 “0Ldrt 4 00425 4 00176
’ + 0004+7 4+ [-000174 + 000087 + .. .].
When r =2, &= 1162 — ‘422 — 1640 4 416 + 224 + ‘128 + ‘064 + ‘051
+[05+044...]=— 024 [17]
d®jdr = — 211 —1°640 + 624 448 + ‘320 + 192 4178 4 [*18 + 18 4. . ]
=01 +[?] |
When 7 =18, &= 1162 — 390 — 1'328 + 297 + 147 + 076 4 ‘034 + 023
+[017 + 014 +...] = 02 + [-05].
d®jdr = — 211 — 147 4 49 + 33 4 21 + 11 + 09 + [08 + 07 4. . .]
= — 45 +[2] .
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102 MR. J. H. JEANS ON THE EQUILIBRIUM

There is therefore a root at about » = 195, but it is clear that we are already in
the region at which the approximation ceases to be satisfactory, and that we are close
upon the region in which the series become actually divergent.

The smallness of d®/dr indicates that somewhere in the neighbourhood of the point
just calculated we come to a point at which there is a pair of equal roots for », and
therefore a “minimum” in the value of ¢. This is the “mneck ” of which the first
signs are appavent in fig. 5. Let us refer to all the matter to the left of this “neck ”
as the “ primary,” to all that to the right as the “ satellite.” Let the exact line of
division be a vertical line at a distance 2 from the origin.

The primary has been drawn with fair accuracy ; the satellite must be drawn in
the manuner adopted in the difficult region of the former curve.

The area of the primary was found to be

11778 sq. millims.,

and this leaves 1312 sq. millims. to be accounted for by the satellite and the error in
drawing. The centre of gravity of the primary was found to be 47 millims. to the
left of the origin.  Distributing the error as equally as possible, I have arrived at the
curve of fig. 6. The area of primary and satellite are respectively

11778 and 881 sq. millims.,

the error in area is a defect of 431 sq. mullims., and that in the moment about ¢p=w/2
is that of an excess of 431 sq. millims. at the point » = 125 millims., ¢ = 0. The
error in the whole curve is therefore about 3 per cent.; that in the satellite is
unfortunately of the same order of magnitude as the satellite itself.

§ 32. The following table sums up the results which have been obtained, and also
contains some new rvesults. The moments of momentum of the last curves were
obtained by a process of counting on squared paper, and are not carried to any great

accuracy.
y Angular momentum
: Are: i . 2p%)
Curve. Area. 9mp (omltbmg factor /\/ i )
(1) |Circle . . . . — 1 0 0
@ | . ... — 1 43 33
3) s - « . .|Point of bifurcation 1 ) -35
Eet) Ellipse . . . .| Ratio of axes /b:1 . 1 43 44
(b) » fig. 4 . .| Point of bifurcation : ratio 1 375 51
of axes 3:1
(6) |Fig.5 . . . . 02— 1. 1 39 53
(7) Fig 6 . . . .|ée=1 . . . 1 42 551
(8) . Separatlon of fluid into| 1 431 579
primary and satellite
) The two parts [ | Primary . . . . . . 931 431 401
(10) of curve (8) | | Satellite . . . . . . 07 % 431 17 %
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OF ROTATING LIQUID CYLINDERS. 103

In this table the quantities of which the numerical values are doubtful are
marked with a query. A single query indicates a probable error of 1 or 2 per
cent. ; a double query indicates that the error may be comparable with the quantity
itself.

Let us examine the state of things just after separation has taken place. The
satellite is describing an orbit about the primary, both bodies rotating with the same
angular velocity. This angular velocity is, to within a few per cent., given by

*mp=-43. . . . . . . . . . (131)

If the satellite exerted no attraction upon the primary, the figure of the primary
would be a figure of equilibrium under the influence of a rotation given by (131).
The force exerted by the satellite may be divided into two parts, a uniform force
in the direction 0 = 0, and a tide-generating force of the usual kind. 11" the former
of these existed alone, the configuration of the primary would still be one of
equilibrium under a rotation of amount given by (131). We therefore see that the
actual configuration of the primary may be regarded as a configuration of equilibrium
under rotation given by (181), disturbed by the tide-generating potential which is
caused by the satellite.

Since this tide-generating potential is small, except in the immediate neighbour-
hood of the satellite, it ought to be possible to remove the tides from the surface
of the primary, and form a pretty good idea of the configuration which would be
the configuration of the primary except for tidal disturbance. If this is done with
the primary of fig. 6, it will be found that the remaining curve is a very good
ellipse. 'We may therefore conjecture that curve (9) is an ellipse deformed by the
tidal influence of its satellite.

Now the ellipse corresponding to the amount of rotation given by (131) is
curve 4 of the preceding table. We see that the axes are in the ratio /5 :1, and
this is in good agreement with the ellipse obtained by removing the tides in fig. 6.
The momentum of the ellipse of unit area of which the axes are in the ratio /5 :1
(curve 4) is *44. If we reduce this so as to .5_11)1)1}7 to an ellipse of area 93 instead of
to one of unit area, we find an angular momentum of *38.  Since this ellipse must be
supposed to rotate not about its centre, but about the centre of gravity of itself and
a satellite about one-fifteenth of its mass, situated at the end of its axis, this angular
momentum must be increased to about 39. The small discrepancy between this and
the value ‘40 obtained for curve 9 may be accounted for partly by errors of
approximation, and . partly by the increase of momentum caused by the tidal
deformation of the ellipse.

We can check our result in another way. The equation of the ellipse being

ax* +byP=1 . . . . . . . . . (132),

the force at @, 0, a point near the extremity of the major axis and outside the ellipsé,
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2wp 2
Vi + /b o x
centre of gravity of the satellite, this must be equal to

may, to a good approximation, be taken to be , and if «, 0 is the

930,
the factor ‘93 being introduced to allow for the displacement of the centre of gravity
of the primary.
Taking /b = /(5a), we find the equation
9 2
T e = 9% ey
and putting o*/27p = 43, this gives the values
ax® = 154, Voo =124,

Now /@ .z is the sum of the semi-axes of primary and satellite divided by the
semi-axes of the primary. The equation just found is therefore about as true as
could be expected, the linear diameters of primary and satellite being approximately
in the ratio of 4 to 1.

The ellipse given as curve 4 is stable, and, since the mass of the satellite is small
compared with that of the primary, we may suppose the combination of primary and
satellite to be stable. Thus, if our conjecture as to the interpretation of curve 8
is sound, it appears that the linear series which commences with curve 5 remains
stable until the mass separates into two masses.

The motion of a gradually-cooling mass will therefore be through the following
cycle of changes. Firstly, increase of the ratio [angular momentum -+ (area)?] until
we rveach curve 5. Then motion along PoiNcAr®'s linear series until we reach
curve 9. At this point separation takes place, and the primary is left as a tidally-
distorted form of curve 4. As the satellite recedes the tidal distortion decreases,
and as the value of the ratio [angular momentum -+ (area)’] again increases, the
configuration moves along the Jacobian series of elliptic cylinders until curve 5 is
again reached. This completes the cycle, and the continual repetition of the cycle
can only be ended by solidification, or some similar cause which is outside our present
considerations.

T have not attempted to give any discussion of vesults from the point of view
of dynamical astronomy. The complications introduced by the heterogeneity and
compressibility of natural substances, as well as by the difference between the two-
dimensional and three-dimensional problems, are so great that any discussion with
reference to the actual conditions of astronomy would be impossible in the present
paper.

I have had the advantage of frequent conversations with Professor DArwIN on
the subject of this paper ; my thanks are also due to Professor Forsvra for advice in
connection with the earlier sections,
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